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We theoretically demonstrate dynamically selective bidirectional emission and absorption of a
single itinerant microwave photon in a waveguide. The proposed device is an artificial molecule
composed of two qubits coupled to a waveguide a quarter-wavelength apart. By using simulations
based on the input–output theory, we show that upon preparing an appropriate entangled state of
the two qubits, a photon is emitted directionally as a result of the destructive interference occurring
either at the right or left of the qubits. Moreover, we demonstrate that this artificial molecule
possesses the capability of absorbing and transmitting an incoming photon on-demand, a feature
essential to the creation of a fully inter-connected one-dimensional quantum network, in which
quantum information can be exchanged between any two given nodes.
Introduction.—As the control over superconducting
qubits in a single module is reaching levels near the re-
quirements for fault-tolerant quantum computing [1], sig-
nificant efforts have been devoted to the development of
more complex quantum architectures with a larger num-
ber of qubits. In this context, one strategy is to build
quantum networks [2–5] consisting of nodes that exchange
quantum information in the form of microwave photons
through their coupling to interconnecting waveguides. A
key element for such a platform to function is the ability
to distribute quantum information to the desired parts
of the network. More specifically, in the case of one-
dimensional (1D) networks, the capability of nodes to
emit their excitations in a chosen direction—right or left—
along the waveguide, as well as to transfer them beyond
their nearest neighbors, is essential [6, 7].
In this regard, the field of quantum optics has made
significant strides forward by making use of the chiral
coupling that naturally arises in photonic waveguides and
nanofibers [8–11]. In these types of nano-structures, the
confinement of light induces a locking of the local polar-
ization of a photon with its direction of propagation, a
phenomenon that has made possible the development of
various optical devices with chirality [12–14], including
bidirectional emitters of single photons [15–18].
In quantum microwave circuits, on the other hand,
such an on-demand bidirectional emitter has not yet been
realized experimentally, thus limiting the prospect of effi-
ciently distributing quantum information in microwave
1D networks. Nonetheless, quantum state transfer was
previously demonstrated between two nodes located at
the two ends of a transmission line [19–24], a configuration
in which each node has only one possible direction of emis-
sion and absorption. Moreover, the coherent exchange
between an artificial atom and two resonant atom-like
mirrors [25] via an open waveguide was demonstrated by
FIG. 1. (a) 1D network of quantum nodes (purple circles)
able to emit or absorb directionally in a 1D waveguide (gray
line). In the illustration, node 1 is emitting a photon to
the right, while node 3 is absorbing the same photon after
it has been transmitted through node 2. (b) Schematic of
a bidirectional emitter/receiver which consists of two qubits
coupled to the waveguide a quarter-wavelength apart. For
the directional emission, the two qubits are prepared in an
appropriate entangled state, the phase of which determines
the direction of the emission. For a phase pi/2 (−pi/2) the
photon is emitted right (left).
making use of the qubit–qubit cooperative effects pro-
vided by the coupling to the waveguide continuum of
modes [26]. Extended microwave 1D networks consisting
of large arrays of nodes, however, will require a new strat-
egy for efficiently transferring the photons to the relevant
nodes of the network [27].
In this letter, we propose a quantum node consist-
ing of an artificial molecule [28, 29], capable of bidirec-
tionally emitting and absorbing single photons along a
one-dimensional waveguide. The node is composed of
two qubits Q1 and Q2 coupled to a 1D waveguide a
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2FIG. 2. Directional emission of shaped photons. (a) Schematic of an artificial molecule where two qubits are directly coupled to
the waveguide with a time-dependent relaxation rate γ(t). To cancel the waveguide-mediated interaction J(t), an additional
tunable coupling between the qubits is added (depicted in red). (b) Emitted photon fluxes, nR and nL, as a function of
time normalized with the bandwidth of the photon envelope. (c) Population of the qubit excited state as a function of time.
(d) Schematic of an extended artificial molecule where two qubits are coupled to the waveguide via resonators that decay at
a constant rate. The waveguide-mediated interaction is cancelled by adding a constant coupling gc = −J between the two
resonators. The plots (e) and (f) are similar to (b) and (c), but for the setup in (d). In the four plots dashed lines represent the
dynamics when the cancelling interaction is turned off (gc = 0).
quarter-wavelength (λ/4) apart at positions r1 and r2,
as depicted in Fig. 1(b), where λ is the microwave wave-
length propagating along the waveguide at the qubit fre-
quency. When prepared in the entangled state |ψ±〉 =
(1/
√
2)
(|eg〉+ e±ipi/2 |ge〉), the node emits a single pho-
ton, either leftwards or rightwards depending on the sign
of the phase. In contrast to the case with intrinsic chi-
rality of photonic waveguides that is due to polarization–
momentum locking, here the directionality arises from
a simple interference effect [27]. To see this, consider
the case where the two qubits are prepared with a phase
+pi/2. Due to the delocalized nature of the quantum state,
the single excitation stored in the device will be simul-
taneously emitted from both qubits, with a pi/2 phase
difference between the radiation generated by Q1 and
Q2. Upon traveling the λ/4 distance to Q1, the leftward
emission of Q2 further accumulates a pi/2 phase difference,
bringing it exactly out of phase with the emission from Q1.
This results in the destructive interference of the leftward
propagating photon (dashed red wave packet). Similarly,
one can easily see that the photon amplitudes moving
rightwards interfere constructively (blue wave packet). It
is worth noting that this argument is also valid for cases
with time-dependent relaxation rates as long as the time
scale is much longer than that of the propagation between
the two qubits. Thus, by modulating the relaxation rates,
we can control the temporal mode shape of the emitted
photons.
This two-qubit molecule can be used to create a fully
inter-connected 1D quantum network, where any two
nodes can exchange quantum information with one an-
other. In the example shown in Fig. 1(a), a photon
emitted rightwards by node 1 is reabsorbed by node 3, af-
ter having been transmitted through node 2. After briefly
outlining the model based on the input–output theory,
we will demonstrate the capability of an individual node
to perform these three essential tasks required for a fully
inter-connected 1D network — bidirectional emission, ab-
sorption, and transmission of a photon. Although we
will focus here on the exchange of a single photon, these
protocols can be extended to the manipulation of any
quantum information stored, for example, in the form of
a superposition of the single-photon and vacuum states.
The model.— The two qubits of the aforementioned
artificial molecule present two cooperative effects medi-
ated by virtual photons in the waveguide: an energy-
exchange interaction and a correlated decay [30, 31]. For
an inter-qubit distance of d = λ/4, it turns out that the
energy-exchange interaction is maximized while the corre-
lated decay vanishes. The master equation of the artificial
molecule coupled to the waveguide is therefore given by
dρˆ
dt
=− i
[
Hˆs + HˆJ + Hˆc, ρˆ
]
+ γ(t)
∑
j=1,2
D(Lˆj)ρˆ, (1)
3where γ(t) is the time-varying external coupling rate of
both qubits, Lˆj is the lowering operator of each qubit,
and D(Aˆ) = AˆρˆAˆ† − 12{Aˆ†Aˆ, ρˆ}+ denotes the Lind-
blad super-operator. The system Hamiltonian of two
qubits with the excitation frequency of ωp is given by
Hˆs =
∑
j=1,2 ωpLˆ
†
jLˆj . In addition, the effective Hamil-
tonian describing the qubit–qubit interaction mediated
by the waveguide is given by HˆJ = J(t)(Lˆ
†
1Lˆ2 + Lˆ
†
2Lˆ1),
where J(t) = γ(t)/2 is the coupling strength for d = λ/4.
As we will show, the presence of this effective energy-
exchange interaction, whose strength is of the same order
of magnitude as the radiative decay rates, leads to a pop-
ulation transfer between the qubits during the process
of emission (absorption), thus affecting the directionality
which relies on the synchronous emission (absorption)
of the qubits at all times. Therefore, an additional fast
and tunable coupling [32, 33] between the qubits is re-
quired in order to implement a cancellation interaction
Hˆc = gc(t)(Lˆ
†
1Lˆ2 + Lˆ
†
2Lˆ1), where the coupling strength is
designed to be gc(t) = −J(t) [Fig. 2(a)].
To verify the directional emission, we characterize the
photon fluxes emitted from the artificial molecule. The
input–output relations for the right- and left-propagating
modes in the Heisenberg picture are given respectively by
~bout = ~bin − i
√
γ(t)
2
(
Lˆ1e
+ipi/4 − iLˆ2e−ipi/4
)
,
~bout = ~bin − i
√
γ(t)
2
(
Lˆ1e
−ipi/4 − iLˆ2e+ipi/4
)
.
(2)
Here, ~bout(t) and ~bout(t) are the outgoing field operators,
and ~bin(t) and ~bin(t) are the incoming field operators
at time t. Assuming that both incoming fields are in
the vacuum state, the photon fluxes emitted rightwards
and leftwards are obtained using these relations and the
expectation values of the qubit operators:
nR/L =
γ(t)
2
(〈
Lˆ†1Lˆ1
〉
+
〈
Lˆ†2Lˆ2
〉
± 2 Im
[〈
Lˆ†1Lˆ2
〉])
. (3)
Bidirectional emission dynamics.— We consider the
emission dynamics in the molecule when it is prepared
in the state |ψ+〉 = (1/
√
2)
(|eg〉+ eipi/2 |ge〉), and when
the modulation of the radiative decay rate γ(t) is chosen
so as to generate a time-symmetric photon wave packet
with amplitude envelope φ(t) = (1/2)
√
γph sech(γpht/2),
corresponding to a photon flux |φ(t)|2 (see Supplementary
Material [34] for details). Note that in the rest of the
paper, all the prepared itinerant photons will be assumed
to have this specific shape. In Fig. 2(b), we show the
emitted photon flux as a function of time, with dashed
lines corresponding to the absence of cancellation of the
waveguide-mediated coupling [gc(t) = 0], and with solid
lines to perfect cancellation [gc(t) = −J(t)]. Clearly,
with no cancellation, a significant part of the photon
flux is still emitted leftwards, a behaviour that is easily
understood by observing the dynamics of the qubit
populations shown in Fig. 2(c): as the decay rate γ(t) is
turned on, the population from qubit Q2 is substantially
transferred to qubit Q1 due to the coupling J(t). This
population imbalance causes an imperfect interference of
the radiation coming from the two qubits, resulting in a
strong reduction in directionality.
It is interesting to note that the waveguide-mediated
interaction is directly proportional to the radiative
decay rate, implying that with a constant decay rate
to the waveguide, the cancellation coupling would
also remain constant, thus making the experimental
implementation significantly simpler. This is the idea
behind the second design presented in Fig. 2(d), where
two identical resonators, R1 and R2, now mediate
the transfer of the photons emitted by the qubits
to the waveguide. Moreover, to allow on-demand
photon generation and its pulse shaping, the qubits
need to be coupled to their respective resonators with
tunable energy-exchange interactions. For instance,
such interactions can be experimentally realized by
using a microwave-induced parametric coupling [35] or
a tunable SQUID-inductance-mediated coupling [33].
The constant radiative decay of the resonators γ and
the tunable qubit–resonator coupling g(t) induce the
effectively tunable qubit decay to the waveguide, making
it possible to realize pulse shaping of a directionally
emitted photon. In other words, the system Hamiltonian
in the master equation [Eq. (1)] is replaced with
Hˆs =
∑
j=1,2
[
ωpLˆ
†
jLˆj + ωpσˆ
†
j σˆj + g(t)(Lˆ
†
j σˆj + Lˆj σˆ
†
j )
]
,
where Lˆj is the lowering operator of resonator Rj and σˆj
is the lowering operator of qubit Qj. Conveniently, in
this configuration the waveguide-mediated interaction,
discribed by HˆJ , couples the transfer resonators with a
constant value J = γ/2, hence requiring no more than a
constant coupling gc = −γ/2 in Hˆc to be applied between
the resonators.
In Figs. 2(e) and 2(f), we compare the emitted
photon fluxes from the now enlarged artificial molecule,
with and without coupling cancellation. As expected,
the presence of the constant coupling between the
resonators allows the two qubits to decay in synchrony,
leading to perfect destructive interference on one side
of the waveguide. One could expect, however, that
fabrication imprecisions could lead to around 10% error
in the strength of the built-in cancellation coupling gc,
resulting in a residual waveguide-mediated interaction.
Remarkably though, we find that a residual coupling
of 10% only leads to a reduction of about 0.5% of the
directionality (see Supplementary Material [34]), thus
demonstrating the robustness of directionality against
residual waveguide-mediated couplings. Hereinafter, we
will focus on the more feasible design with an artificial
molecule having transfer resonators, although we have
confirmed that the case without transfer resonators also
4FIG. 3. Directional absorption. (a) Illustration of the protocol:
to absorb an itinerant photon, the modulation of the qubit–
resonator coupling g¯(t) should be the time-reversal g(−t) of
the modulation g(t) that is required to generate the photon.
(b) Scattered photon flux. The gray line depicts the input
photon flux nINR . (c) Reduced density matrix of the final state
of the artificial molecule for gc = −J .
functions in the same way.
Absorption of an itinerant photon.— Just as a usual
single superconducting qubit cannot be made to emit
directionally, so can it not fully absorb a single photon
coming from a single direction. An artificial molecule
is therefore also required at the receiving node. The
absorption protocol is depicted in Fig. 3(a), where the
same itinerant photon that was emitted rightwards in the
previous paragraph is now impinging from the left. For
time-symmetric wave packets, this protocol is simply a
matter of time-reversing the modulation of the coupling
amplitudes [20], that is to say: g(t)→ g(−t).
To numerically simulate the single-photon input to
the molecule system, an ancillary qubit is coupled to the
right-propagating mode as a single-photon source (see
Supplementary Material [34]). In Fig. 3(b), we show
the scattered photon fluxes nR(t) and nL(t), right and
left of the device, for the case with cancellation of the
effective coupling (solid lines) and without (dashed lines).
Clearly, the absorption is imperfect without cancellation,
as evidenced by the significant scattered photon flux
compared to the input photon flux (thick gray line).
With coupling cancellation, however, we observe no
scattered flux, indicating perfect absorption of the photon.
Moreover, in the case where the cancellation coupling
is present (gc = −J), we can confirm from the final
density matrix of the qubits [Fig. 3(c)] that we recover
the entangled state |ψ+〉 = (1/
√
2)
(|eg〉+ e+ipi/2 |ge〉)
that led to the rightward directional emission of a photon
in the previous paragraph.
FIG. 4. Transmission of a photon across an artificial molecule
when the qubits are decoupled. (a) Illustration of the node
in ‘pass-through’ mode: the qubit–resonator coupling g(t) is
switched off. (b) Transmitted and reflected photon flux for
two different values of the photon wave packet bandwidth γph.
Note that the time taken by the photon to be transmitted is
subtracted from the scattered fluxes so that the input and scat-
tered flux curves can be directly compared. (c) Transmitted
pulse fidelity FR (solid line) and transmittance (dashed line)
versus the bandwidth γph of the photon wave packet. The
bandwidth is normalized by the coupling rate of the transfer
resonator, γ.
Photon transmission.— Finally, in order to demon-
strate transmission, we consider the same situation as
for the absorption protocol, except that this time we
keep the qubits decoupled from the resonators at all
times, i.e. g(t) = 0, as indicated in Fig. 4(a). Because
the resonators remain coupled to the waveguide, the
perfect transmission of the photon through the artificial
molecule is non-trivial. Figure 4(b), shows the reflected
and transmitted photon fluxes, nL and nR, for two
different bandwidths of the photon wave packet, γph.
Quite remarkably, the photon is transmitted through
the device for both γph, as indicated by the absence of
left-scattered photons (red curves). This effect is the
consequence of a destructive interference between the
photon amplitude reflected on resonator R1, and the
one transmitted through resonator R1 but reflected on
resonator R2, which accumulates an additional phase
pi from travelling twice the distance λ/4. The dashed
green curve in Fig. 4(c) confirms that the photon is
fully transmitted for any value of the bandwidth of the
incoming photon wave packet as long as γph  γ.
Furthermore, it is found that the transmission of the
photon across the two resonators involves a constant time
delay of 4γ−1 (see Supplementary Material [34]). The
transmitted fluxes nR are hence translated back in time
by this time delay in order to compare the shape of the
input (gray) and transmitted (blue) photons, as displayed
5in Fig. 4(b). In particular, this highlights the fact that
the photon is significantly distorted when its bandwidth
parameter γph is chosen equal to the transfer resonator
radiative decay rate γ. To quantify this distortion, the
pulse fidelity FR is computed as
FR =
∣∣∣∣∫ ∞−∞ dt φIN∗R (t)φR(t+ 4γ−1)
∣∣∣∣2 , (4)
where φINR (t) is the mode function of the input wave packet.
This fidelity is plotted versus the bandwidth of the incom-
ing photon wave packet in Fig. 4(c). Interestingly, even
though the distortion reaches a significant 7% for γph = γ,
it remains minimal for smaller photon bandwidths, giving
FR > 99% for γph . 0.5γ.
In conclusion, we have proposed a design of an artificial
molecule capable of bidirectionally emitting photons in
a waveguide on demand. It was shown that although
the waveguide-mediated qubit–qubit coupling inside the
artificial molecule strongly perturbs the directionality of
the emission, this coupling can be effectively cancelled
out by engineering an opposite coupling between the two
emitters. While a dynamical cancellation is needed for
a system of two qubits tunably coupled to a waveguide,
inserting transfer resonators between the qubits and the
waveguide makes it possible to realize a bidirectional emit-
ter/receiver by using no more than a constant cancellation
between the resonators. Moreover, it was demonstrated
that the same artificial molecule can absorb a photon by
simply implementing the reverse modulation of the qubit–
resonator coupling. Finally, it was shown that this device
can passively transmit incoming photons when keeping
the qubits decoupled from the resonators. These three
features, interchangeable on demand, demonstrate that a
one-dimensional quantum network constituted of such ar-
tificial molecules presents full interconnectivity, allowing
any two given nodes of the network to exchange pho-
tons, and hence, by extension, any quantum information
encoded in the nodes.
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7SUPPLEMENTARY MATERIALS
S1. SYSTEM FOR BIDIRECTIONAL COUPLING
As shown in Fig. S1(a), we first consider an artificial molecule consisting of two qubits that are coupled to a
waveguide in order to realize directional emission and absorption of single photons. A tunable coupling between the
qubit and the waveguide is required so that the emitted photon envelope can be shaped. In this case, setting ~ = 1,
the system Hamiltonian is given by
Hˆs =
∑
j=1,2
ωjLˆ
†
jLˆj , (5)
where ωj and Lˆj is the resonance frequency and lowering operator of qubit Qj, respectively.
As discussed in the main text, we also consider an artificial molecule composed of qubits and transfer resonators.
When a transfer resonator Rj is inserted between qubit Qj and the waveguide as shown in Fig. S1(b), the system
Hamiltonian becomes
Hˆs =
∑
j=1,2
[
ωjLˆ
†
jLˆj + ωj σˆ
†
j σˆj + gj(Lˆ
†
j σˆj + Lˆj σˆ
†
j )
]
. (6)
In this case, Lˆj is the lowering operator of the transfer resonator Rj, σˆj is the lowering operator of qubit Qj, and gj is
the tunable coupling strength between resonator Rj and qubit Qj. Both the resonance frequencies of resonator Rj and
qubit Qj are set to ωj . The effective external coupling rates of the qubits to the waveguide via the resonators are tuned
through their variable coupling strengths to the resonators that are coupled to the waveguide with a constant rate.
S2. COOPERATIVE EFFECTS MEDIATED BY WAVEGUIDE
When the two elements composing an artificial molecule, either qubits in the model of Fig. S1(a) or transfer
resonators in the model of Fig. S1(b), are over-coupled to a single waveguide, there are cooperative effects between
the elements, mediated by virtual photons in the waveguide. Here, we derive these cooperative effects based on the
input–output relations.
We consider the setup where element Ej with the lowering operator Lˆj is coupled to the waveguide at position
r1 = −d/2 (r2 = d/2) with an external coupling rate of γ1 (γ2), where d is the distance between the two elements. The
external coupling rate is considered to be time-dependent. Note that the external coupling rate is defined as the total
radiative decay rate, counting both directions of the emission of the element coupled to the waveguide individually.
The total Hamiltonian is composed of terms corresponding to the artificial molecule (Hˆs), the waveguide (Hˆw), and the
interaction between each element and the waveguide (Hˆi). Setting the velocity of microwaves to unity, the waveguide
Hamiltonian is given by
Hˆw =
∫ ∞
−∞
dk |k|bˆ†k bˆk, (7)
where k is the wavenumber of the waveguide and bˆk is the annihilation operator of the mode with k. The annihilation
operator satisfies the commutation relation of [bˆk, bˆ
†
k′ ] = δ(k − k′), where δ(k) is the Dirac delta function. The
interaction Hamiltonian under the rotating wave approximation is given by
Hˆi =
∑
j=1,2
∫ ∞
−∞
dk√
2pi
√
γj
2
(
Lˆ†j bˆke
+ikrj + Lˆj bˆ
†
ke
−ikrj
)
, (8)
where we assume that the coupling strength is independent of the wavenumber.
By using positive wavenumbers only, the right- and left-propagating-mode annihilation operators are relabeled as
~bk = bˆk if k > 0 and ~bk = bˆ−k if k < 0, respectively. They follow
[
~bk,~b
†
k′
]
=
[
~bk, ~b
†
k′
]
= δ(k − k′). Then, the terms
related to the waveguide are rewritten as
Hˆw =
∫ ∞
0
dk k~b †k~bk +
∫ ∞
0
dk k ~b
†
k
~bk (9)
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FIG. 5. Theoretical models. (a) Two qubits coupled to a waveguide. (b) Two qubit–resonator units coupled to a waveguide.
and
Hˆi =
∑
j=1,2
∫ ∞
0
dk√
2pi
√
γj
2
(
Lˆ†j~bke
+ikrj + Lˆj~b
†
k e
−ikrj + Lˆ†j ~bke
−ikrj + Lˆj ~b
†
k e
+ikrj
)
. (10)
Since each element approximately interacts only with the propagating mode around the system frequency, it is justified
to add an ancillary propagating mode with a negative frequency. In other words, the lower limit of the integration
with respect to the wavenumber can be extended to −∞, i.e.
Hˆw =
∫ ∞
−∞
dk k~b †k~bk +
∫ ∞
−∞
dk k ~b
†
k
~bk (11)
and
Hˆi =
∑
j=1,2
∫ ∞
−∞
dk√
2pi
√
γj
2
(
Lˆ†j~bke
+ikrj + Lˆj~b
†
k e
−ikrj + Lˆ†j ~bke
−ikrj + Lˆj ~b
†
k e
+ikrj
)
. (12)
Using the propagating-mode annihilation operators in the wavenumber space, the right- and left-propagating-mode
annihilation operators in the real space are defined as
~br =
∫ ∞
−∞
dk√
2pi
~bke
+ikr, ~br =
∫ ∞
−∞
dk√
2pi
~bke
−ikr. (13)
The annihilation operators in the wavenumber and real spaces are connected via the Fourier transforms. They follow
the commutation relations of
[
~br,~b
†
r′
]
=
[
~br, ~b
†
r′
]
= δ(r − r′).
Using the total Hamiltonian, the time evolution of an arbitrary operator Oˆ supported by the artificial-molecule
subspace is described in the Heisenberg picture by
dOˆ
dt
= i
[
Hˆs, Oˆ
]
+
∑
j=1,2
∫ ∞
−∞
dk√
2pi
√
γj
2
([
Lˆ†j , Oˆ
]
~bke
+ikrj +~b †k e
−ikrj
[
σj−, Oˆ
]
+
[
Lˆ†j , Oˆ
]
~bke
−ikrj + ~b
†
k e
+ikrj
[
Lˆj , Oˆ
])
= i
[
Hˆs, Oˆ
]
+
∑
j=1,2
√
γj
2
([
Lˆ†j , Oˆ
]
~brj +
~b †rj
[
Lˆj , Oˆ
]
+
[
Lˆ†j , Oˆ
]
~brj +
~b
†
rj
[
Lˆj , Oˆ
])
.
(14)
9For simplicity, we hereinafter omit the representation of time t, e.g. Oˆ = Oˆ(t), Lˆj = Lˆj(t), and ~brj =
~brj (t), except
when we need to specify a certain time.
On the other hand, the time evolution of the annihilation operator of a right-propagating mode with the wavenumber
k is
d~bk
dt
= −ik~bk − i√
2pi
∑
j=1,2
√
γj
2
Lˆje
−ikrj , (15)
which can be formally solved as
~bk = ~bk(ti)e
−ik(t−ti) − i√
2pi
∑
j=1,2
∫ t
ti
dt′
√
γj(t′)
2
Lˆj(t
′)e−ik(rj−t
′+t), (16)
where ~bk(ti) is the annihilation operator at the initial time t = ti, and γj(t
′) and Lˆj(t′) are the external coupling
rate and the lowering operator of element Ej at time t′. Note that in our notations the frequency and wavenumber
and the time and position have the same dimensions, respectively, as we set the velocity of microwaves to be unity.
By multiplying a coefficient e+ikr/
√
2pi and integrating Eq. (16) from −∞ to ∞ with respect to k, we obtain the
input–output relation for the right-propagating mode in the real-space representation as
~br = ~br−t+ti(ti)− i
∑
j=1,2
√
γj(t− r + rj)
2
Θr∈(rj ,rj+t) Lˆj(t− r + rj), (17)
where Θ is a product of Heaviside step functions, Θr∈(a,b) = θ(r − a)θ(b− r), which describes the time causality. Note
that we use
∫∞
−∞ dk e
−ikr = 2piδ(r). The input–output relation for the left-propagating mode is also obtained in a
similar way, i.e.
~br = ~br+t−ti(ti)− i
∑
j=1,2
√
γj(t+ r − rj)
2
Θr∈(rj−t,rj) Lˆj(t+ r − rj). (18)
By substituting Eqs. (17) and (18) into Eq. (14), we obtain the derivative equation of the operator Oˆ as
dOˆ
dt
=i
[
Hˆs, Oˆ
]
+ i
∑
j=1,2
√
γj
2
([
Lˆ†j , Oˆ
] (
~brj−t+ti(ti) + ~brj+t−ti(ti)
)
+
(
~b †rj−t+ti(ti) +
~b
†
rj+t−ti(ti)
) [
Lˆj , Oˆ
])
+
∑
j=1,2
γj
2
([
Lˆ†j , Oˆ
]
Lˆj − Lˆ†j
[
Lˆj , Oˆ
])
+
∑
j=1,2
√
γjγj¯(t− d)
2
([
Lˆ†j , Oˆ
]
Lˆj¯(t− d)− Lˆ†j¯(t− d)
[
Lˆj , Oˆ
])
,
(19)
where j¯ = 2 (j¯ = 1) if j = 1 (j = 2).
Here, we employ the free-evolution approximation, Lˆj(t− d) ≈ Lˆj(t) e+iωjd. This approximation is valid when the
delay time d is much shorter than the time scale of the evolution of the artificial molecule. We also assume that the
delay time d is also much shorter than the time scale of the variation of the radiative decay rate, resulting in the
slowly-varying-decay-rate approximation, γj(t− d) ≈ γj(t). Furthermore, the initial state of the propagating mode
is assumed to be the vacuum state, enabling us to neglect the annihilation operator at the initial time t = ti, i.e.
~brj−t+ti(ti)→ 0 and ~brj+t−ti(ti)→ 0. Then, Eq. (19) is rewritten as
dOˆ
dt
= i
[
Hˆs, Oˆ
]
+
∑
j=1,2
γj
2
([
Lˆ†j , Oˆ
]
Lˆj − Lˆ†j
[
Lˆj , Oˆ
])
+
∑
j=1,2
√
γ1γ2
2
([
Lˆ†j , Oˆ
]
Lˆj¯ e
+iωj¯d − Lˆ†
j¯
[
Lˆj , Oˆ
]
e−iωj¯d
)
. (20)
Using the cyclic invariance of the trace, the time derivative of the expectation value 〈Oˆ〉 is described in the Schro¨dinger
picture, i.e.
d〈Oˆ〉
dt
= Tr
[
dOˆ
dt
ρˆtot
]
= Tr
[
Oˆ
dρˆtot
dt
]
=− i Tr
[
Oˆ [Hˆs, ρˆtot]
]
+
∑
j=1,2
Tr
[
Oˆ γj
(
Lˆj ρˆtotLˆ
†
j −
1
2
{
Lˆ†jLˆj , ρˆtot
}
+
)]
+
∑
j=1,2
Tr
[
Oˆ
√
γ1γ2
2
(
Lˆj¯ ρˆtotLˆ
†
je
+iωj¯d + Lˆj ρˆtotLˆ
†
j¯
e−iωj¯d − Lˆ†jLˆj¯ ρˆtote+iωj¯d − ρˆtotLˆ†j¯Lˆje−iωj¯d
)]
,
(21)
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where {·, ·}+ is the anti-commutation relation.
The expectation value of the local operator Oˆ acting on the artificial-molecule subspace can be obtained independently
of the partial trace of the propagating modes. Thus, the reduced master equation for the artificial molecule is derived
from Eq. (21), i.e.
dρˆ
dt
= −i
[
Hˆs, ρˆ
]
+
∑
j=1,2
γjD(Lˆj)ρˆ+
∑
j=1,2
√
γ1γ2
2
(
Lˆj¯ ρˆLˆ
†
je
+iωj¯d + Lˆj ρˆLˆ
†
j¯
e−iωj¯d − Lˆ†jLˆj¯ ρˆ e+iωj¯d − ρˆLˆ†j¯Lˆje−iωj¯d
)
, (22)
where ρ = Trw[ρtot] is the density-matrix operator of the artificial molecule and Trw[·] is the partial trace with
respect to the propagating modes. Note that we define a superoperator for the individual decay terms as D(Aˆ)ρˆ =
AˆρˆAˆ† − {Aˆ†Aˆ, ρˆ}+/2. Furthermore, the master equation can be rewritten in the Lindblad form as
dρˆ
dt
= −i
[
Hˆs + HˆJ , ρˆ
]
+
∑
j,k=1,2
γjkD(Lˆj , Lˆk)ρˆ, (23)
where HˆJ = JLˆ
†
1Lˆ2 +J
∗Lˆ†2Lˆ1 is the waveguide-mediated energy-exchange interaction between the two elements with the
strength J =
√
γ1γ2
2
e+iω2d−e−iω1d
2i , γjj = γj is the individual radiative decay rate, and γ12 = γ
∗
21 =
√
γ1γ2
e+iω2d+e−iω1d
2
is the correlated radiative decay rate. Here, we define a superoperator describing the correlated decay terms as
D(Aˆ, Bˆ)ρˆ = BˆρˆAˆ† − {Aˆ†Bˆ, ρˆ}+/2.
S3. BIDIRECTIONAL EMISSION
For directional emission of a single photon, both elements should have the same frequency as the photon frequency
ωp, i.e. ω1 = ω2 = ωp. The external coupling rates of the elements are set to be the same, i.e. γ1 = γ2 = γ.
In the case of using the transfer resonators, the tunable couplings between the resonators and qubits should be
identical, i.e. g1 = g2 = g. Moreover, the distance between the two elements should be a quarter wavelength at
the photon frequency, i.e. ωpd = pi/2. As a result, the correlated decay rate vanishes as γ12 = γ21 = 0, while the
waveguide-mediated energy-exchange interaction is maximized as
HˆJ =
γ
2
(Lˆ†1Lˆ2 + Lˆ
†
2Lˆ1). (24)
As discussed in the main text, a direct inter-element interaction is needed to cancel the waveguide-mediated interaction.
In the simulation, we add an additional energy-exchange interaction, defined as
Hˆc = gc(Lˆ
†
1Lˆ2 + Lˆ
†
2Lˆ1). (25)
For the perfect cancellation, the coupling strength should fulfill gc = −γ/2. From these conditions, the master
equation (21) can be rewritten as
dρˆ
dt
= −i
[
Hˆs + HˆJ + Hˆc, ρˆ
]
+ γ
∑
j=1,2
D(Lˆj)ρˆ, (26)
which enables us to calculate the dynamics of the artificial molecule.
To verify the directionality emission, it is necessary to characterize the outgoing fields from the artificial molecule.
Using the density-matrix operator of the system evolving in time under Eq. (26) and the input–output relations of
Eqs. (17) and (18), we obtain the complex amplitude and photon flux emitted in each direction. From Eq. (17), the
right-propagating output field at position r (> r2 ≥ 0) is given by
~br(t) = ~br−t+ti(ti)− i
√
γ(t− r)
2
Lˆ1(t− r)e+ipi/4 − i
√
γ(t− r)
2
Lˆ2(t− r)e−ipi/4, (27)
where we also employ the free-evolution approximation and the slowly-varying-decay-rate approximation. By defining
the input and output fields as ~bout(t) = ~br(t+ r) and ~bin(t) = ~b−t+ti(ti), respectively, the input–output relation is given
by
~bout(t) = ~bin(t)− i
√
γ
2
Lˆ1(t)e
+ipi/4 − i
√
γ
2
Lˆ2(t)e
−ipi/4. (28)
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Thus, the expectation values of the complex amplitude βR and the photon flux nR emitted rightwards at time t are
obtained as
βR(t) =
〈
~bout(t)
〉
= −i
√
γ
2
(〈
Lˆ1
〉
eipi/4 +
〈
Lˆ2
〉
e−ipi/4
)
(29)
and
nR(t) =
〈
~b †out(t)~bout(t)
〉
=
γ
2
(〈
Lˆ†1Lˆ1
〉
+
〈
Lˆ†2Lˆ2
〉
− i
〈
Lˆ†1Lˆ2
〉
+ i
〈
Lˆ†2Lˆ1
〉)
, (30)
where 〈·〉 on the right-hand side is the expectation value which can be obtained by the density-matrix operator of the
artificial molecule at time t. In the same way, the input–output relation for the left-propagating mode is given by
~bout(t) = ~bin(t)− i
√
γ
2
Lˆ1(t)e
−ipi/4 − i
√
γ
2
Lˆ2(t)e
+ipi/4, (31)
where the input and output modes are defined as ~bout(t) = ~br(t− r) and ~bin(t) = ~bt−ti(ti), respectively. The complex
amplitude βL and photon flux nL emitted leftwards at time t are obtained as
βL(t) =
〈
~bout(t)
〉
= −i
√
γ
2
(〈
Lˆ1
〉
e−ipi/4 +
〈
Lˆ2
〉
eipi/4
)
(32)
and
nL(t) =
〈
~b
†
out(t)
~bout(t)
〉
=
γ
2
(〈
Lˆ†1Lˆ1
〉
+
〈
Lˆ†2Lˆ2
〉
+ i
〈
Lˆ†1Lˆ2
〉
− i
〈
Lˆ†2Lˆ1
〉)
. (33)
In addition, the single-photon occupancy emitted in each direction is calculated by integrating the photon flux from
the initial time t = ti to the final time tf , i.e.
PR =
∫ tf
ti
dt nR(t) and PL =
∫ tf
ti
dt nL(t). (34)
S4. DIRECTIONAL ABSORPTION AND TRANSMISSION
As discussed in the main text, an artificial molecule for absorption and transmission should satisfy the same condition
as for emission.
It is not straightforward to numerically implement single-photon inputs in a Lindblad master equation since a
single-photon state in a propagating mode is strongly correlated in space. In order to simulate the single-photon
absorption and transmission in our system, we couple an ancillary qubit to the waveguide. The qubit frequency is set
to be that of the input single photon ωp. The ancillary qubit initialized in the excited state acts as a single-photon
source to the waveguide. Without loss of generality, a single photon is considered to be transferred from the left-hand
side to our system. In other words, the ancillary qubit is coupled only to the right-propagating mode at position
ra (< r1 ≤ 0) with time-varying external coupling rate γa. Thus, the input–output relation of Eq. (17) is modified as
~br = ~br−t+ti(ti)−i
√
γa(t− r + ra) Θr∈(ra,ra+t) σˆa(t− r + ra)−i
∑
j=1,2
√
γ(t− r + rj)
2
Θr∈(rj ,rj+t) Lˆj(t− r + rj) , (35)
where σˆa is the lowering operator of the ancillary qubit. The Heisenberg equation of an arbitrary operator Oˆ supported
by the system subspace is given by
dOˆ
dt
= i
[
Hˆs, Oˆ
]
+ γa
([
σˆ†a, Oˆ
]
~bra +
~b †ra
[
σˆa, Oˆ
])
+
∑
j=1,2
√
γ
2
([
Lˆ†j , Oˆ
]
~brj +
~b †rj
[
Lˆj , Oˆ
]
+
[
Lˆ†j , Oˆ
]
~brj +
~b
†
rj
[
Lˆj , Oˆ
])
.
(36)
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Note that the ancillary-qubit Hamiltonian, ωpσˆ
†
aσˆa, is added to the system Hamiltonian, Hˆs. By substituting Eqs. (18)
and (35) to the Heisenberg equation (36) and employing the free-evolution approximation and the slowly-varying-
decay-rate approximation, we obtain
dOˆ
dt
= i
[
Hˆs, Oˆ
]
+
∑
j=1,2
γ
2
([
Lˆ†j , Oˆ
]
Lˆj − Lˆ†j
[
Lˆj , Oˆ
]
+
[
Lˆ†j , Oˆ
]
Lˆj¯ e
+iωpd − Lˆ†
j¯
[
Lˆj , Oˆ
]
e−iωpd
)
+ γa
([
σˆ†a, Oˆ
]
σˆa − σˆ†a
[
σˆa, Oˆ
])
+
∑
j=1,2
√
γγa(t+ ra)
2
([
Lˆ†j , Oˆ
]
σˆa(t+ ra) e
+iωprj − σˆ†a(t+ ra)
[
Lˆj , Oˆ
]
e−iωprj
)
.
(37)
Considering that the ancillary qubit is located on the left-hand side and is coupled only to the right-propagating
mode, it is not affected by the artificial molecule, allowing us to formally set the time delay ra to zero. In a similar
way as the derivation of Eq. (26), the reduced master equation of the composite system of the artificial molecule and
the ancillary qubit is given by
dρˆ
dt
=− i
[
Hˆs + HˆJ + Hˆc + Hˆ
′
J , ρˆ
]
+ γ
∑
j=1,2
D(Lˆj)ρˆ+ γaD(σˆa)ρˆ
+
∑
j=1,2
√
γγa
2
[
e+iωprjD(Lˆj , σˆa)ρˆ+ e
−iωprjD(σˆa, Lˆj)ρˆ
]
,
(38)
where the effective interaction Hamiltonian between the artificial molecule and the ancillary qubit is given by
Hˆ ′J =
∑
j=1,2(J
′
j σˆ
†
aLˆj + J
′∗
j Lˆ
†
j σˆa) with the coupling strength J
′
j = i
√
γjγa e
−iωprj/2.
In the same way as in the previous section, the input–output relation of Eq. (35) can be rewritten as
~bout(t) = ~bin(t)− i√γaσˆa(t)− i
√
γ
2
(
Lˆ1(t)e
+ipi/4 + Lˆ2(t)e
−ipi/4
)
. (39)
Thus, the complex amplitude and photon flux transmitted across the artificial molecule are obtained as
βR(t) =
〈
~bout(t)
〉
= −i√γa 〈σˆa〉 − i
√
γ
2
(〈
Lˆ1
〉
eipi/4 +
〈
Lˆ2
〉
e−ipi/4
)
(40)
and
nR(t) =
〈
~b †out(t)~bout(t)
〉
= γa
〈
σˆ†aσˆa
〉
+
γ
2
(〈
Lˆ†1Lˆ1
〉
+
〈
Lˆ†2Lˆ2
〉
− i
〈
Lˆ†1Lˆ2
〉
+ i
〈
Lˆ†2Lˆ1
〉)
+
∑
j=1,2
√
γγa
2
(〈
σˆ†aLˆj
〉
e−iωprj +
〈
Lˆ†j σˆa
〉
e+iωprj
)
,
(41)
respectively. In addition, the photon flux reflected by the artificial molecule is obtained using the same equation as
Eq. (33).
S5. PULSE FIDELITY
Here we describe a general framework for quantifying the pulse fidelity of the outgoing single photon within the
emission and transmission protocols of the main text. To evaluate the fidelity of the wave packets of the single photons
emitted rightwards and leftwards, as discussed in Sec. S3, the two qubits in the artificial molecule are prepared in an
equal superposition of their ground states |gg〉 and the entangled state of |ψ±〉 = (1/
√
2)
(|eg〉+ e±ipi/2|ge〉). On the
other hand, to characterize the fidelity of the single photon transmitted across the artificial molecule, as discussed in
Sec. S4, the ancillary qubit is initialized in an equal superposition of its ground and excited states.
By using the complex amplitude of the output right- and left-propagating modes with the appropriate initial
superposition state, which are calculated using Eqs. (29), (32), and (40), the normalized wave packets of the single
photons are obtained as
φR(t) =
βR(t)√∫ tf
ti
dt |βR(t)|2
and φL(t) =
βL(t)√∫ tf
ti
dt |βL(t)|2
, (42)
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respectively. If we suppose the target wave packet of a single photon in the right- and left-propagating modes to be
φ˜R(t) and φ˜L(t), the fidelities of the obtained wave packet with respect to the target are given by
FR =
∣∣∣∣∫ tf
ti
dt φ˜∗R(t)φR(t)
∣∣∣∣2 and FL = ∣∣∣∣∫ tf
ti
dr φ˜∗L(t)φL(t)
∣∣∣∣2 . (43)
Let us now apply this formalism to the specific case of single-photon transmitting in Fig. 4(b) of the main text. Here,
the expected outgoing wave packet φ˜R(t) in Eq. (43) corresponds to the prepared input wave packet φ
IN
R (t), which is
to be compared to the actual transmitted wave packet φR(t), calculated from Eq. (42). For the transmission protocol
without employing the transfer resonators, it is trivial that a single photon is faithfully transmitted when γ(t) = 0,
since the two qubits in this case remain uncoupled to the waveguide. The interesting case here is when the artificial
molecule includes the two transfer resonators which decay to the waveguide at a rate γ. As explained in the main text,
although the photon is also completely transmitted when the resonator–qubit coupling is switched off [g(t) = 0], its
shape becomes distorted as a result of its interaction with the resonators. Hence, we consider here the pulse fidelity of
a single photon transferring across the two resonators, in order to quantify the amount of distortion.
Before computing this fidelity, we need to find the time-delay accumulated by the transmitting photon and use it to
translate back in time the transmitted wave packet, so that the shapes of the input and transmitted wave packets
can be compared. When the two transfer resonators are degenerate at the photon frequency ωp owing to the perfect
coupling cancellation (HˆJ + Hˆc = 0), the artificial molecule Hamiltonian without the qubit terms can be diagonalized
by different orthogonal basis of the resonators, i.e.
Hˆs =
∑
µ=R,L
ωpLˆ
†
µLˆµ, (44)
where LˆR/L = (Lˆ1e
±ipi/4 + Lˆ2e∓ipi/4)/
√
2. The input–output relations of the right- and left-propagating modes of
Eqs. (28) and (31) can also be described by this basis, i.e.
~bout(t) = ~bin(t)− i√γ LˆR(t) (45)
and
~bout(t) = ~bin(t)− i√γ LˆL(t), (46)
respectively. Therefore, the transmission coefficients from right to left or from left to right in the frequency domain are
separately given by
SRL(ω) = SLR(ω) =
γ/2 + i(ω − ωp)
γ/2− i(ω − ωp) . (47)
From this we can obtain the phase accumulation in the transmitted pulse in the narrow bandwidth limit as
θ(ω) = arctan
(
γ(ω − ωp)
γ2/4− (ω − ωp)2
)
, (48)
and hence the group delay
∂θ(ω)
∂ω
∣∣∣∣
ω=ωp
= − 4
γ
. (49)
Thus, the wave packet accumulates a time-delay of 4/γ as it gets transmitted through the two transfer resonators. To
compute the fidelity in Eq. (43), we therefore translate back in time the transmitted wave packet by 4/γ. The pulse
fidelity of the transmitted wave packet is thus given by
FR =
∣∣∣∣∫ tf
ti
dt φIN∗R (t)φR(t+ 4γ
−1)
∣∣∣∣2 . (50)
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FIG. 6. Decay and coupling modulations for the emission of a photon with envelope φ(t) = 1
2
√
γph sech(γpht/2). (a) Temporal
modulation of the external coupling rate γ(t) for the artificial molecule without transfer resonators. (b) Temporal modulation of
the qubit–resonator coupling strength g(t) in the case of the artificial molecule including the two transfer resonators.
S6. TARGET PULSE SHAPE
The wave packet of an emitted single photon is controlled by dynamically tuning the emission rate of the artificial
molecule. In this paper, the target wave packet is chosen to be the following hyperbolic secant function:
φ(t) =
1
2
√
γph sech
(
γpht
2
)
, (51)
where γph is the photon bandwidth. Importantly, our target wave packet is time-symmetric, allowing us to perfectly
absorb the single photon by simply implementing the time-reversal of the modulation used for the emission of the
photon.
In order to generate the wave packet using two qubits, the tunable external coupling rate should be temporally
modulated as
γ(t) = γph
sech2
(
γpht
2
)
1− tanh
(
γpht
2
) . (52)
This is also the modulation used for the ancillary qubit, which plays the role of single-photon source in the simulation
of the absorption and transmission protocols of the main paper.
For the artificial molecule including two transfer resonators, the tunable coupling strength between the resonator
and qubit should be modulated as
g(t) =
γph
4 cosh
(
γpht
2
) 1− eγpht + (1 + eγpht)γ/γph√
(1 + eγpht)γ/γph − eγpht
, (53)
where the single-photon bandwidth γph should be less than that of the transfer resonators γ [1].
S7. RESIDUAL EFFECTIVE COUPLING
Here we investigate the effect of residual effective coupling on the directionality of emission p¯R/L. This could for
example be the result of an imperfect implementation of the cancellation coupling. The directionality p¯R/L is defined
as the ratio of the probability PR/L for the photon to be emitted in the intended direction of emission to the total
photon-emission probability:
p¯R/L =
PR/L
PR + PL
. (54)
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FIG. 7. Directionality versus the coupling cancellation factor.
In order to study the effect of imperfect cancellation, we introduce a coupling cancellation factor η in the cancellation
Hamiltonian of Eq. (25), which becomes
Hˆ ′c = ηgc(Lˆ
†
1Lˆ2 + Lˆ
†
2Lˆ1). (55)
The η factor now allows us to tune the amount of cancellation: η = 1 corresponds to perfect cancellation, while η = 0
corresponds to no cancellation at all. In Fig. 7, we plotted the directionality versus the cancellation factor, for the
two-qubit system without (blue) and with (red) the transfer resonators, respectively.
Clearly, for both systems proposed in the main text, the directionality turns out to be very robust against a residual
effective coupling. In particular, for a residual coupling of 10%, the directionality decreases only by 0.5%.
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